Axions and similar very weakly interacting particles are increasingly compelling candidates for the cold dark matter of the universe. Having very low mass and being produced nonthermally in the early Universe, axions feature extremely high occupation numbers. It has been suggested that this leads to the formation of a Bose-Einstein condensate with potentially significant impact on observation and direct detection experiments. In this note we aim to clarify that if Bose-Einstein condensation occurs for light and very weakly interacting dark matter particles, it does not happen in thermal equilibrium but is described by a far-from-equilibrium state. In particular we point out that the dynamics is characterized by two very different timescales, such that condensation occurs on a much shorter timescale than thermalization.
Introduction
Although dark matter makes up approximately one quarter of the total energy content of the Universe we still know very little about it. It is most likely not Standard Model matter and it interacts with Standard Model particles as well as with itself only very weakly. Moreover, it behaves much like a gas of non-relativistic particles, i.e. particles with very little kinetic energy, hence cold dark matter.
Therefore, it is not surprising that the two perhaps best known (and best motivated) candidates for dark matter particles, axions and weakly interacting massive particles (WIMPs), have very different properties. Axions are very light, sub-eV bosons whereas (SUSY) WIMPs are heavy, multi-GeV fermions. Axions are produced non-thermally from coherent oscillations of the axion field [1] [2] [3] far from thermal equilibrium, whereas WIMPs are produced in thermal collisions in or close to thermal equilibrium. Nevertheless, both are thought to behave in many ways like a gas of cold, non-relativistic particles.
However, recently it has been suggested [4] that there is indeed a property that sets axions apart from WIMPs: Axions are bosons and if they are dark matter their low momentum states feature very high occupation numbers. This suggests the possibility that they form a Bose-Einstein condensate. The resulting collective behavior may lead to distinct observational signatures [5, 6] as well as having important effects for experiments for the direct detection of axion dark matter [7] [8] [9] . Usually Bose-Einstein condensation is treated in thermal equilibrium, and indeed the arguments of Refs. [4, [10] [11] [12] are based on estimates for thermalization rates 1 . However, the extremely weak self-interactions of axions suggest that it takes very long times to reach full thermal equilibrium and establish a proper thermal distribution.
In this note we want to clarify this apparent conflict and argue that, while full thermal equilibrium is probably not reached, a non-thermal Bose-Einstein condensate may nevertheless be formed. Based on results of non-equilibrium field theory [15] [16] [17] [18] , we elucidate the nonequilibrium nature of such a condensate:
• We clearly distinguish between the very different timescales for condensation t cond and that for thermalization t therm with t cond t therm .
• We estimate the time needed to reach a fixed value of the condensate fraction N 0 /N total depending on the spatial volume.
• The non-thermal condensate fraction can differ from that in thermal equilibrium. More importantly we note that the condensate is in a strongly correlated state which significantly deviates from a weakly interacting gas approximated by free field theory.
Qualitatively, similar behavior may happen for other very light bosonic dark matter candidates such as axion-like particles (ALPs) or hidden photons [19] (see [20] for a review of such particles). For the purposes of this work the main feature of axions is that they are a very light bosonic particles with extremely weak self-interactions (we mostly neglect the similarly weak interactions with other matter particles). Therefore, our treatment should apply directly to axions and axion-like particles but similar mechanisms may apply for more general very light bosonic dark matter particles as well. For simplicity we will nevertheless refer to our particles as ALPs.
In the following we will only consider ALPs interacting via their self-interactions. As already found in [4] these interactions are probably not sufficient to achieve Bose-Einstein condensation of ALPs in the early Universe. The phenomenologically more relevant interactions are probably those via gravitons [4, [10] [11] [12] [13] [14] . Therefore our toy model does not allow to address the quantitative question whether the gravitational interactions of ALPs are fast enough to achieve condensation (both positive [4, [10] [11] [12] 14] and negative [13] evidence exists). Importantly however, we expect that our general arguments hold and the far from equilibrium nature with the features described above will persist if such a Bose-Einstein condensate is formed via gravitational interactions.
ALP dark matter
We briefly recall how very light dark matter particles can be a good dark matter candidate. The simplest production mechanism for ALP dark matter is the so-called misalignment mechanism [1] [2] [3] . The essential features of this mechanism can be directly understood by looking at the evolution of a free scalar field in the expanding Universe. After a period of inflation the initial fluctuations (we will come back to those in the next Sect. 3) are smoothed out by the rapid expansion and we take the field as constant. The equation of motion for the field φ(t) is then,φ
where H is the Hubble constant and the dot denotes a time derivative. This is the equation of a damped harmonic oscillator. We have allowed for a time-dependent mass m(t) to explicitly include the case of the axion. At early times where H m the oscillator is overdamped and the field is essentially stuck at its initial value. This also justifies why we start with a non-vanishing initial value: the field simply did not have time to relax to its minimum value. At a later time t 1 , when 3H(t 1 ) ≈ m(t 1 ) the field begins to oscillate. In a WKB-like approximation the solution then is
Here a denotes the scale factor and the index 1 indicates that a quantity is evaluated at time t 1 . Inserting Eq. (2.2) into the expression for the energy density of a scalar field we find,
For constant m(t) ≈ const the energy density is diluted with the increasing volume. This is exactly what we expect for non-relativistic matter, i.e. dark matter. Indeed one can check that the number density is
as we would expect from adiabatic expansion.
For the simplest case of ALPs, the mass m will indeed be constant. For the QCD axion, whose mass arises during the QCD phase transition, the mass is time dependent during this period, which has some effect on the final density. However, at much later times, during the release of the cosmic microwave background and then during structure formation the mass of the QCD axion is also constant and no changes in these observations are expected from this effect.
To be concrete, for the axion one finds an axion population whose contribution, in terms of the critical density is [21] Ω a,0 h 2 = κ a F a 10 12 GeV
where F a is the axion decay constant, 0.5 κ a few and θ i is the initial misalignment angle θ i ∈ [0, 2π]. The index 0 indicates that a quantity is evaluated today. To avoid having to fine-tune θ i to a small value suggests O(F a ) ∼ 10 12 GeV. The axion mass today is given by
Assuming that all of today's dark matter is made of ALPs, fixes the average ALP density to be
We note that this is the global average density and not the local density in our galaxy.
3 High occupation numbers, interaction rates and the question of thermal equilibrium
We now turn to an estimate of the occupation numbers for axion dark matter (see also [4] ). The huge number that we will find then motivates a closer look at the Bose enhanced interaction rates and the question of thermal equilibrium.
Occupation numbers for ALP dark matter
To estimate the occupation number we also need information about the momentum distribution. As already mentioned, after inflation the field has basically the same value everywhere in space. However, fluctuations on the scale of the horizon are unavoidable. Therefore, at the time t 1 when the axion field starts to oscillate we expect the field to have momentum fluctuations of the order of
where the index 1 indicates that a quantity is evaluated at the time t 1 when the axion field starts to oscillate 2 . At a later time these initial momenta are reduced by the cosmological expansion such that we have,
To obtain an estimate for the typical occupation number f typ we can now simply equally occupy all available states with momenta ≤ δp(t),
We note that this is indeed independent of time. As the universe expands the density decreases, but so does the momentum such that the occupation numbers remain the same. This is exactly what we expect for adiabatic expansion. Before we continue it should be remarked that the above calculation strictly speaking only makes sense somewhat later than the time t 1 when oscillations start. The reason is that for our estimate we have used the continuum phase space element which only makes sense if the volume is large enough to permit a large number of states with momentum δp(t),
In other words we should have
However, in the following we will mostly ignore this issue.
Inserting n 1 ∼ (1/2)m 1 φ 2 1 and using 3H 1 ≈ m 1 we find,
In light of the very approximate nature of the above estimate here we keep an arbitrary factor of ν. The above calculation gives ν ∼ 1. This factor then also allows to account for possible mechanisms that enhance the occupation somewhat compared to the naive estimate, e.g. by reducing the size of the typical initial momentum below H 1 , or by a later evolution of the mass of the particle. For the very light ALPs, which we are interested in, we always have φ 1 m 1 and therefore very large occupation numbers. This enormous occupation number is now available to compensate extremely small couplings via a Bose enhancement.
Self-interaction rates and being far from equilibrium
To see if the compensation is sufficient we need to estimate the size of the self-interactions. The Lagrangian for our scalar field is given by,
Axions and axion-like particles are usually pseudo-Goldstone fields. We therefore expect a potential of the form,
where F is the scale of spontaneous symmetry breaking of the symmetry in question. For true QCD axions this simple form is not quite the full result, because of mixing effects with the pions. Nevertheless it gives the essential scaling behavior.
Expanding about the minimum we have,
For our current qualitative discussion the negative sign is not relevant (the potential is also stabilized by higher order interactions). In other words we expect a self-coupling of order,
where κ = 1 for the simple cosine potential discussed above. However, to be general we keep a proportionality factor to allow for an enhanced or reduced coupling. Nevertheless the naive expectation is κ ∼ 1.
To get an estimate 3 for the interaction rate we can consider two-to-two scattering which for single particles has a cross section
We first discuss the favorable situation, where we can consider the scattering between two highly occupied states, which is then enhanced by two factors of f typ . The relaxation rate for such states is the scattering rate per particle in these states and is enhanced by a single factor of
The typical velocity v typ can be estimated from the momentum spread Eq. (3.2),
The relaxation rate now has to be compared to the Hubble scale,
(3.14)
We now consider this rate for an ALP with constant mass. In this case typical initial values are φ 1 ∼ F . We then find in agreement with [4] ,
So for κ ∼ ν ∼ 1 and close to the time t 1 when the φ starts to behave like dark matter, the relaxation rate is just about the order of the Hubble scale and one may expect that this can lead to a significant change in the momentum distribution. We also stress that the above is just a rough estimate and the true rate may be higher or lower by a couple of orders of magnitude. However, as the Universe expands the rate drops faster than the Hubble scale and is soon insufficient to cause effective changes.
3 Strictly speaking this estimate is valid only in the particle kinetic regime, i.e. when the energy dispersion ∼ 1 2 mδv 2 is larger than the relevant rates. This is not strictly true for all rates of interest in this case. Nevertheless the simple argument we give here demonstrates the relevant point.
We now come to an important point concerning the question of thermal equilibrium. The above relaxation rate is for scattering between two highly occupied states with occupation numbers ∼ f typ . On the other hand, typical momenta for scattering near thermal equilibrium have an occupancy of order one, since 16) where the condition on the right hand side indicates the beginning of the exponential tail. Establishing a proper equilibrium distribution could therefore take a forbiddingly long time, as there is little or no Bose-enhancement, which in the case of interest makes a difference of more than 50 orders of magnitude,
Therefore, we should be prepared to face a far-from-equilibrium situation. In this case quite different processes apart from relaxation, such as non-equilibrium instabilities or turbulence, can play an important role.
The timescale for thermalization
The above estimates are very crude and only serve to demonstrate qualitatively the fact that one has to deal with far-from-equilibrium dynamics. In this subsection we determine the parametric dependence of the timescale for thermalization using results from a proper non-equilibrium treatment of such processes. The non-equilibrium dynamics starting from highly occupied initial states has been studied extensively in recent years [15] [16] [17] [18] . Characteristic properties of this far from equilibrium dynamics turn out to be universal, such that it is insensitive to the details of the underlying model and initial conditions. Accordingly, very different physical systems on most diverse energy scales ranging from early-universe inflaton dynamics to table-top experiments with cold atoms are described by universal scaling exponents and scaling functions in this case. The universality is based on the existence of non-thermal fixed points [22] , which are attractor solutions with self-similar scaling behavior characteristic for wave turbulence.
In terms of the time-dependent occupation number distribution f (t, p) such a self-similar evolution corresponds to
where Q denotes some characteristic (initial) momentum scale. The scaling exponents α and β as well as the scaling function f S are universal up to normalizations of the latter. The behavior (3.18) represents an enormous reduction of the possible dependence of the dynamics on variations in time and momenta, since it states that (Qt) −α f (t, p) only depends on the product (Qt) β p instead of separately depending on time and momenta. The universal distribution function f S does not change with time. Therefore any characteristic momentum p typ (t) then scales as p typ (t) ∼ Q(Qt) −β , such that f S (p typ (t)(Qt) β ) = f S (p typ (t )(Qt ) β ) for any two times t, t in the self-similar regime. This scaling behavior can be used to obtain a lower bound on the thermalization time t therm for known exponent α. For our purposes we consider a situation at initial time t ini described by some small coupling parameter λ with
This choice is motivated by comparing with Eq. (3.12). The 1/λ enhanced occupation number compensates factors of λ from the scattering. Moreover, for an ALP with potential as in Eq. (3.8) and an initial field value φ ∼ F we obtain from Eq. (3.6), 20) up to a typical momentum Q ∼ δp ∼ H ∼ m. Accordingly, initially our distribution exhibits for λ 1 very large occupancies with typical momentum p typ (t ini ) = Q. Thermalization requires that the occupancy for typical momenta drops to order one as mentioned before, i.e. f (t therm , p typ (t therm )) ∼ 1. Using the scaling behavior (3.18) to describe the evolution down to order one occupancies one concludes that
where we have used t ini ∼ 1/Q and that our values for the exponent α are negative. In particular we have for the self-interacting scalar theories α = −4/5 for the relativistic case and α = −3/2 for the non-relativistic regime [16] . We conclude that starting from highly occupied initial conditions the timescale for thermalization diverges in the weak coupling limit. It should be emphasized that the reason for the very long time scales for small couplings is directly related to the order-one occupancy of typical momenta in thermal equilibrium. Any Bose condensation process that relies on reaching a thermal distribution starting from such an initial state has to face these long times. However, we will argue in the next section that Bose condensation can happen also far from equilibrium where typical occupancies are still large, which implies a tremendous speed-up for the condensation phenomenon as compared to the conventional thermal equilibrium situation.
Bose-Einstein condensation out of equilibrium
We have already seen that we likely have a nonequilibrium situation for a long time. The question occurs whether the important features of Bose-Einstein condensation cannot be established much earlier than thermal equilibrium is achieved. This problem has been studied in [15] [16] [17] [18] with a positive outcome: Bose-Einstein condensation can happen in a non-thermal state and is established relatively fast. Here we review the findings following Ref. [15] , where non-thermal Bose condensation has been demonstrated to occur for the relativistic as well as non-relativistic case, which we then apply and extend to the case at hand. In the following we neglect the expansion of the Universe and just consider the relevant timescales as compared to the expansion rate.
Already shortly after the ALP field starts to oscillate the typical momenta Eq. (3.2) are already significantly smaller than the mass, δp ∼ 1/3. Therefore, we are dealing with a nonrelativistic situation. For the considered scalar field theory, at the classical level the field is governed by the Gross-Pitaevskii equation,
In Appendix A we review how this equation, featuring a conserved particle number, arises as the non-relativistic limit of a real scalar field (which does not conserve particle number). Moreover, for the coupling one finds the relation
Depending on the initial conditions, the above classical field equation can receive important corrections due to quantum-statistical fluctuations. For the considered highly occupied systems, where classical-statistical fluctuations dominate over quantum fluctuations, the dynamics can be accurately described by a classical ensemble solving the classical field equation with Monte Carlo sampling of initial conditions [15] . The classical-statistical nature of the dynamics has the important consequence that if we measure time in units of t 0 = (2m)/Q 2 and momentum in units of Q the only relevant combination of coupling and occupation number is indeed
This is shown in Appendix B.
For the distribution of the classical ensemble average of modes with spatial momentum p,
with conserved
we use initially the same simple situation already employed to obtain the estimate (3.3). All modes below
are equally populated with the occupation number (3.3). We start at a time t ini t 1 and neglect the expansion from then on. The initial distribution is, therefore, a Θ-function. Correspondingly the re-scaled quantity (4.3) at initial time is
where we define,
and we have inserted m 1 ∼ m ∼ const. and φ 1 ∼ F into Eqs. (3.6), (3.10) and (4.6).
The time evolution and the condensate formation for this type of system have been studied in Ref. [15] . Fig. 1(a) shows the time evolution of the distribution at different times. The Θ-function shaped initial condition is seen to evolve towards a non-thermal distribution at From this numerical example a couple of relevant findings can be extracted. Using Eq. (4.6) we see that,
Therefore, already one unit in our dimensionless time is an order of magnitude bigger than a Hubble time.
From Fig. 1(a) we can see that even after 400t 0 ∼ 7 × 10 3 /H ini the distribution is not a thermal equilibrium distribution. It deviates from the classical 1/p 2 behavior both at low and at high momenta at this time. So the evolution is on timescales three orders of magnitude longer than the naive estimate from the scattering between highly occupied particles. On the other hand, as we can see from Fig. 1(b Therefore the condensate clearly forms when the system is still extremely far away from equilibrium.
Quantitatively we note that the timescale for condensate formation is somewhat larger than the naive expectation. Therefore, for the case of a simple ALP or axion the formation turns from marginally possible within a Hubble time to being too slow. Turned around, scalar selfinteractions are therefore only then sufficient for BEC formation if either the coupling or the initial occupation number is significantly enhanced compared to the naive ALP expectation. However, as we argue in Appendix A the former is in conflict with the non-relativistic approximation we have used and, moreover, the cosmological evolution during inflation in this case automatically pushes us to smaller field values and D ini cannot be significantly increased in that way. Therefore the only viable option would be to increase the occupation number by decreasing the typical momentum scale compared to the naive expectation.
Strongly correlated nature of the non-thermal condensate
We have seen in the previous sections that condensate formation takes place on a fairly short timescale, where the occupation numbers are still quite far from thermal equilibrium. Therefore, the magnitude of the non-equilibrium condensate can in principle be different from that in thermal equilibrium which is established after a much longer timescale t therm .
In the following we want to emphasize that the fraction of particles in the non-equilibrium condensate established after the relatively short time t cond is not well described by a weakly interacting gas approximated by free field theory (even if it were close to thermal equilibrium).
To do this we can compare the amount of condensate formed in the non-equilibrium state and that in the thermal equilibrium of a free theory. In particular we want to compare the dependence of both condensates on the size of the coupling and the initial occupation numbers.
As discussed in the previous section and in Appendix B, for a given shape of the initial distribution all results, including the fraction of condensed particles,
in the non-equilibrium condensate depend only on D ini . For example, keeping Q (and m) fixed the non-equilibrium condensate does not change when we vary λ but use f ini ∼ 1/λ such that f ini λ is fixed as well.
We will now show that in the thermal equilibrium of free field theory the condensate can change under such variations in the coupling and occupation number.
In the mean-field approximation the only effect of the interaction term in the Gross-Pitaevskii equation Eq. (4.1) is a constant energy shift for each particle,
This energy shift can simply be absorbed in a re-definition of the chemical potential.
However, we note that in the non-perturbative regime of interest for our non-equilibrium situation the shift in energy compared to the typical relevant kinetic energies E typ ∼ Q 2 /(2m) is not small (and cannot be made small),
This already hints at a strongly correlated system. We now compare this to condensation in free field theory. In equilibrium we have the condensate fraction
with the condensation temperature
We then can determine the equilibrium temperature from energy conservation,
Combining Eqs. (5.5) and Eq. (5.6) we find that the condensed fraction is
independent of the coupling λ (as it should be in equilibrium). Therefore in the free field equilibrium the condensate fraction (5.4) does depend on f ini even if we keep λf ini fixed. This shows that the two condensates are quantitatively not the same. We note that since in the situation of interest we expect a fairly high condensate fraction, a better quantity to highlight this difference is actually the ratio of the fractions of non-condensed particles 1 − x cond in and out of equilibrium.
Volume dependence of the condensation timescale
An additional important feature of the dynamics is that the timescale for condensation is volume dependent.
This can be directly observed in Fig. 1(b) where one can see that in order to achieve a given fixed level of condensate, i.e. a fixed value of N 0 /N total in the picture, more time is needed when the volume is larger. This is not too surprising. Naively one first expects local patches of condensate to form which then grow over time. This is consistent with the results of Fig. 2 where the time required for the condensate to reach a condensate fraction of 30% (blue) and 60% (red) is shown. We can see that there is a sizeable volume dependence.
Above we have asked for the time required to establish a certain fraction of condensate in a given volume. One could also ask a slightly different question. Is there a typical patch size on which condensation occurs first (similar to magnetic domains in a magnet). The later volume dependence of condensation in larger volumes then arises from the time required to grow/merge these patches. While our analysis is not sufficient to fully answer this question an indication can be found in Fig. 1(b) , where the rise in the condensate fraction starts roughly at the same time ∼ 10 t 0 independent of the volume.
For axion-like particle dark matter both effects could be relevant depending on the question one asks, since very different length scales may be relevant. For effects in structure formation one would require condensation on galactic scales, whereas in experiments for the direct detection of axions already condensates on much smaller length scales may be noticeable. 
Conclusions
We have analyzed the question of Bose-Einstein condensation for axion-like particles (ALPs) via their self-couplings. Our main findings are
• Thermalization, i.e. establishing a true thermal distribution with typical occupation numbers of order one for p 2 /(2m) ∼ T , is slow for weak coupling, even if we have extremely high initial occupation numbers.
• The formation time for a condensate t cond can be much smaller than the time required for thermalization t therm . The corresponding timescale is similar (albeit a bit longer) than that obtained from an estimate of the Bose-enhanced interaction rates.
• Condensate formation takes place in a non-equilibrium state and the condensate formed in this state is parametrically different from that obtained for a weakly interacting gas in thermal equilibrium.
In this note we have only considered scalar self-interactions. As already pointed out in [4] these interactions are not sufficient when it comes to a condensate formation in the expanding early Universe. Yet, importantly it can serve as a simple model for the basic dynamics of the formation of a Bose-Einstein condensate of ALP dark matter by Bose-enhanced interactions. Our positive finding that condensate formation takes indeed place on the corresponding short timescale now motivates studying the phenomenologically more relevant interactions via gravity.
A The non-relativistic limit of a real scalar field A.1 From the real, nonlinear Klein-Gordon equation to the Gross-Pitaeevski equation
The starting point for axions is a relativistic theory for a real scalar field. Importantly there is no conserved particle number. However, at the very small momenta we are interested in, i.e. in the non-relativistic regime, these are just spinless particles whose number is conserved. In this appendix let us briefly sketch how the non-relativistic equation with its conserved particle number arises from the full relativistic theory. The Lagrangian in the relativistic case is,
This gives the equation of motion
To obtain the non-relativistic limit we can now factor out the rapid oscillation caused by the mass in
This can be done with the ansatz,
where we have taken the real part, because φ is a real field. For this to be a valid approximation actually requires two conditions to be fulfilled. One is the obvious p m. However, it also requires that the mass itself is time independent, i.e. that the contribution of self-interactions to the mass ∼ (λ/6)φ 2 m 2 . We will comment on the latter below.
Having factored out the fast oscillationψ is a slowly changing field with
Neglecting these terms and inserting into Eq. (A.2) we obtain,
Since we are after the slowly varying parts only, we can remove all parts that oscillate with a frequency much larger than m, i.e. in particular we neglect all parts that change with frequency 3m,
To good approximation we can imagine that the faster oscillating parts average to zero in the evolution ofψ. Physically neglecting these fast oscillating terms corresponds to eliminating the particle number changing processes that are energetically forbidden for slow, non-relativistic particles. Solving the full complex equation
automatically gives a solution of Eq. (A.7). Finally, insertingψ
we find
which has the form of a non-linear Schroedinger equation also called Gross-Pitaevskii equation.
Comparison with the usual form gives the coupling
A.2 Limit of applicability of the non-relativistic equation for high densities
As already mentioned above, validity of the non-relativistic limit also poses constraints on the attainable field values and therefore the occupation numbers. Let us briefly consider what this implies for the quantity
that is the relevant quantity for the evolution in the classical statistical regime (see Sect. 4 and App. B). As we mentioned above, the non-relativistic limit requires
Then the total particle number density is
Using our Θ-function shaped momentum space distribution from Eq. (3.19) we have
Inserting into Eq. (A.12) we find,
independent of λ. Therefore to increase D ini and therefore push deeper into the non-relativistic regime, we cannot increase the coupling, but instead we have to go to lower and lower momenta.
A.3 Cosmological evolution limits us to non-relativistic field values
Above we have argued that our non-relativistic approximation is limited to field values φ m/ √ λ and that this in turn limits the size of D ini which determines the evolution of the classical field. Interestingly the cosmological evolution automatically pushes us into this regime, thereby limiting the achievable values of D ini unless the typical momentum scale is lowered.
To see that this is the case let us consider Eq. (A.2) for a spatially constant field but in an expanding universe,φ
In the region φ m/ √ λ we can neglect the mass term. We can now consider the evolution of the energy density in this field, In contrast to the situation where we are dominated by the mass (and have an overdamped oscillator) the field amplitude decays. In the end (for not-quite constant decreasing H) this damping is only stopped when the mass term becomes dominant and φ ∼ m λ . (A.23)
As already described in the above subsection this limits the maximal value of the parameter D ini .
B Re-scaled scalar field evolution
For a given shape of the distribution of the occupation numbers, such as, e.g. the Θ-function distribution assumed in Sect. 4 we can perform a re-scaling in momentum and one in the overall height of the distribution without changing the shape. Moreover, one can wonder how the evolution changes under a change in the coupling constant. We now determine the appropriate variables for which the time-evolution of the classical is independent of these re-scalings. First we note that in classical evolution we can always re-scale the coupling to one. Beginning with the Gross-Pitaevskii equation When re-scaling our distribution in the momentum direction it is clear that the typical space/momentum scales as well as the typical scale for the time-evolution change. We therefore introduce appropriate dimensionless variables that describe the time-evolution and the spatial behavior,
where Q is the typical momentum scale of the distribution and
Doing a further re-scaling 6) we arrive at the final dimensionless form,
The only part of Eq. (B.7) affected by the re-scaling is now the term |ψ | 2 . The final step is therefore to relate this to the re-scaling of the distribution of the occupation numbers. For this we have to un-do the effects of the field re-scalings as well as take into account that the total number of occupied modes, i.e. the total number of particles and therefore |ψ | 2 is changed by a volume factor Q 3 in momentum space, which is what is shown in the figures.
